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A NOTE ON MULTIPLE SUMMING OPERATORS AND APPLICATIONS 


N. ALBUQUERQUE, G. ARAUJO, D. PELLEGRINO, AND P. RUEDA 


Abstract. We prove a new result on multiple summing operators and among other results applications, 
we provide a new extension of Littlewood’s 4/3 inequality to m-linear forms. 


1. Introduction 

Let K be the real scalar field R or the complex scalar field C. As usual, for a positive integer N we 
define C K bounded }, Co = {(ain)^Li C K : lima; n = 0} and e,j represents the canonical 

vector of Co with 1 in the j- th coordinate and 0 elsewhere. Littlewood’s 4/3 inequality jlfi| . proved in 
1930, asserts that 

X ] <V2\\U\\ 

1 

for every continuous bilinear form U : Cq x Co —> K or, equivalently, 

3 

N \ 4 

Gd = 1 / 

for every positive integer N and all bilinear forms U : x -A K. 

It is well known that the exponent 4/3 is optimal and it was recently shown in [13] that the constant 
v/2 is also optimal for real scalars. For complex scalars, the constant \J2 can be improved to 2/y^, 
although it seems to be not known if this value is optimal. The natural step further is to investigate sums 


N 


X 

i i\ ,...,« m = l 


21 , , Ci n 


for m-linear forms U : ££> x • • • x Iff —> K. The exponent 4/3 need to be increased to have a similar 
inequality for multilinear forms; this is what the H.F. Bohnenblust and E. Hille discovered in 1931 (0, 
and also EH)- More precisely, the Bohnenblust-Hillc inequality asserts that for every positive integer m 
there is a constant C m > 1 so that 

/ „ 

(i- 1 ) I X I U ( e ilT--’ e im.) 


2m 
m + 1 


< Cm \\U\\ 


for all positive integers N and all m-linear forms U : x • • • x 

2m/ (m + 1) is sharp. Another natural question is: 


I; moreover, the exponent 


Is it possible to obtain multilinear versions of Littlewood’s 4/3 inequality keeping the exponent 4/3? 


This problem was treated at least in two recent papers (we state the results for complex scalars but 
the case of real scalars is similar, with slightly different constants): 
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• ([I]) For all positive integers N and all to- linear forms U : x • • • x £^ -)Cwe have 


(^22 \U( e i,...,e i ,e j ,...,e j )\*j 



• (0) For all positive integers N and all to- linear forms U : l ^ x • • • x £^ -)Cwe have 


22 | ^( e il ) • • • ) e tm) | 3 j 

*!,■■■,*m=l / 




\\U\\ 


and the exponent is optimal. 

In this paper we investigate this problem from a different point of view. More precisely, as a conse¬ 
quence of our main result we show that for all positive integers m > 3 and bijections or,..., cr m _2 from 
N x N to N we have 

f °° A* 

1 'y \u ( e i) e cri(i,j)l • ■ • ! | 1 — V^2||J7|| 

for every continuous TO-linear form U : cq x • • • x co —> K. 

We prefer to begin with the theory of multiple summing operators and state our main result in this 
context; then the above result (among others) will be just simple consequences of the main result. 


2. Multiple summing operators 

Let E , Ei, ..., E m and F denote Banach spaces over K and let Be * denote the closed unit ball of the 
topological dual of E. If 1 < q < oo, by q* we represent the conjugate of q. For p > 1, by £ P (E) we mean 
the space of absolutely p-summable sequences in E\ also £ p (E) denotes the linear space of the sequences 
( x j)JL i i n E such that (ip (xj))°°_ 1 € £ p for every continuous linear functional tp : E —> K. The function 


(*i)7= i 


= sup 
w >p veB E * 


(<P(Xj))7= ! 


x E„ 


F, with 


defines a norm on £^(E). The space of all continuous m-linear operators T : E\ x 
the sup norm, is denoted by C (Ei,..., E m \ F). 

The notion of multiple summing operators, introduced independently by Matos and Perez-Garcia 
(QHH33), is a natural extension of the classical notion of absolutely summing linear operators (see D3P- 
But multiple summing operators is certainly one of the most fruitful approaches (see [221 [231 HH f° r recent 
papers). For different approaches we mention, for instance 0 'll, 18,; 2U. l2Tj . 

Definition 1. Let 1 < qi,...,q m < p < oo. A multilinear operator T £ C(Ei,...,E m \F) is multiple 
(p; q \,..., qm)-summing if there exists a C > 0 such that 


OO 

E .-5:0 


■Jm = l 


< c 


m 

n (= 


k=1 


.w\°° 

Jk /.7fc=t 


™,qk 


for all € £q k (Ek), k £ {1,..., to}. We represent the class of all multiple (p; q \,..., q m )-summing 

operators from E 1 ,....,E m to F by n mult ( p;gii ... i9m ) (E 1 !,..., E m -F) and ir mu (T) denotes the 
infimum over all C as above. 

The main result of this section is the following theorem. Its proof is inspired in arguments from Eli. 
Theorem 1. Let n > m > 1 be positive integers and E\, ...,E n ,F Banach spaces. If 
(2-1) n mult(Mli ... igm) (.Ei,..., E m \F) = C (Ei ,..., E m ; F ), 
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then there is a constant C > 0 (not depending on n) such that 


< cwv 


E 1} ’- 

(m) 

-> X L 

rm 

Lfc=l 

(y>) 


An) 


lfc=m+l 



\ OO 


/ ii,...,i m =l 


w,l 


for all n-linear forms U : E\ x • • • x E n —> F. 


Proof. The case to = 1 is known (see El Corollary 3.3]). For to > 2 let us proceed by induction on n. 
First we will show that the result holds for n = m + 1. Let N be a positive integer and € E m+ ±. 

By the Hahn-Banach theorem we can choose norm one functionals ipi such that 


r(r (n r:'" ] r''" ' ) 




~( m ) -0+ 1 ) 


for all i i,..., i m = 1,..., N. 

A duality argument gives us non-negative real numbers such that 


N 



where p* is the conjugate number of p , i.e., j + A. = 1, and 


N 


k il ,...,i m = l 

N 

= E - 

2l ,...,Z m = l 

N 


r/Y-C 1 ) 
u x im , 


(m) (m+l)> 




il — 1 


Let rj 1 ...j m be the Rademacher functions indexed on N x • ■ • x N (the order is not important). We have 


E 

r h-irr 


-A: 1 . y 

ii ,...,i m 

= 1 

V 

Jlr-uim 

N 

N 



E 

. E 

~( m ) /r ( m + 1 )\ 


dt 


il .im=l il,...Jm = l 

N 


ii 

N 


, il,...,i m = l 


1 
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Hence 


A 


E p(*g’, 

A 


< 


A A 




3l,-jm=l 


df 



A 


(TT( l 1 ) (" 

A 

< sup 
te[o,i] 



E 


A 


N 


< sup 

A' 

U(x£\ 

(m) V - " 

-Ai m , 2^ r Jl-3 



\ 



■- ■ (nx (m+1) 


< 


A 

E 

k ii,...,i m =l 


a£ 


A A - 

sup I Ys U ( X il\-^ X iZ^ E 

tel 0 . 1 ] \i 1 ,...,i TO =l 


< 


te[o,i] 


N 




m 

)n 


fc=l 



w,qk 


where in the last inequality we have used m • From (EU) it follows from the Open Mapping Theorem 
that there is a constant C > 0 such that tt( p-, qi ,...,q m )( • ) < C|| • ||. Then 


N 


E ^(*.-1 »■••>*< 


(!) A m ) Am+l) 


5 *^21- 


2 m / 


l 2l ,...,2 m = l 

< sup C 
te[o,i] 


JV 


< C'||C/|| sup 
te[o,i] 


" L A 

E r*-ao*£!£) n (*?’)„, 

3 1 3m = l fe=l 

AT m N 

e ■..(*)« n K’L 


< ciic/ii n 


Oc=l 


2 l,_, Z m — 1 

A 


mL . ( 


k =1 
A 


™,qk 


r ( m + 1 )A 

/ 2l,.. •,1m — J 


The proof is completed by an induction argument, as follows. Suppose that the result is valid for a 
positive integer n > m + 1. Let IV be a positive integer and E n+ 1 a Banach space. Let x^[ + .ll € E n+ \ 
and norm one functionals < '■Pi 1 ...i m such that 


C/(: 


.(i) 

J i\ ) •••5 • 


(m) (ra+1) 


(n+!) 


••%rn ' 


Vil-im ( U - -» *£> . 


„("+!) 


for all i i,..., i m = 1,..., N. A duality argument gives us non-negative real numbers a^...^ 


iV 



such that 
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and 


N 


E 

N 

— 'y ] 

n —l 

N 

Zl = l 


77 /V-U -A™; a 

TJlS 1 ) ~( m ) ™( m + 1 ) ™( n +!) \ 


(m+1) 


,...,X. 


(n+1) 


We also have 


r i w 

E r ii-im(t) a i 


N 




jl j • • • Jm — 1 


’"im 5 ^Jl " 'Jm 


E E ■» -<*«> 

J 0 

N 

E “fa-imV’u-im (^OzE’-'-ErE 


(m+1) 


: • • ■ , X. 


(n+1) 


ii 

N 


E cw- 

i ii,... ,i m — 1 


(m) (m+1) 


v , v • , n+i X 

> X i m 
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Hence using the induction hypothesis 
N 


E ^(*<1 


(!) ~( m ) A™* 1 ) ^.( n + 1 ) 

‘ ’ ^il—»m 


k ii 


< 


N 

E 


(+ 




A 


< sup E 


te[o,i] 


^1 — 1 



N 

\ 


(n) 

E r h- 


dt 

3 1 

-Jm=l 

J 




N 


(ra+1) 

(n) 

E r n~jm(t) x< j 


(n+l) 




l N 

\ ^ 

/ N 




< £ <-<„ 

‘ SUP , 

E 


~( m ) „0™+i) 

(n) 


1 te[o,i] 






AT 


Jl,---Jm=l 


< sup C 
te[o,i] 


J7 


N 


n jvr 

n , 

V / 2.1 ,... ,2 m — 1 


< 


x (n !(*?>). 

\k=l 
/ m 


z=l 

N 


WiQk 


\k=l 


\k=m -\-1 
/ n+l 


2i),l 


w Ak/ \k—m -\-1 


n 


N 

Zl,...,Z m = l 


u?, 1 y 


Now we just make TV —» oo. 


□ 


Example 1. If F is a Banach space with cotype 2 it is well known that n mult ( 2; 2 ...., 2 ) ( m Co; E) = 
£ ( m co; E). From, the above theorem we conclude that 



U ( x ll 


(i) 



( (rn+i) 

'ii—im 



1 

2 


<ciiJ7iinr =1 



w, 2 


n 


n 

k=m-\-l 



Tin tvm its 

regardless of the Banach space E and regardless of the n-linear operator U : CqX xcqxEx- ■ - xE —> 

F. 


Remark 1. The constant C that appears in the above theorem can be chosen as the constant from the 
Open Mapping Theorem used in the coincidence m- 

Remark 2. The case F = K and m = 1 with q =p = 1 recovers the Defant-Voigt Theorem (see Ell- 

Remark 3. Theorem [7] is in some sense optimal. In fact it was recently proved in [J] that the Defant- 
Voigt Theorem is optimal in the following sense: every continuous m-linear form is absolutely (1; 1,1)- 
summing and this result can not be improved to (p; 1, 1)-summing with p < 1. 


3. Some applications 

In this section we show how the result proved in the previous section is connected to the problem 
stated in the introduction of this note. 
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3.1. Variations of Littlewood’s 4/3 theorem and Bohnenblust—Hille inequality. We begin by 
proving the result stated in the Introduction: 

Theorem 2. Let m > 3 be an integer and ay,..., <r m _2 be bijections from N x N to N. Then 
(3-1) ^ |f/(e i ,e,,e ai(iJ) ,...,e an _ 2(ijj) )| l j < V^||J7|| 

for all continuous m-linear forms U : cq x • • • x cq — > K. 

Proof. From Littlewood’s 4/3 theorem we know that n mu it( 4 / 3 ;i,i) ( 2 co; K) = £ ( 2 co; K) and the constant 
involved is \[2 (or 2 / v / 7t for complex scalars). By choosing xff* = e CTk ^j), since = 1 

the proof is done. □ 


The same argument of the previous theorem can be used to prove the following more general result: 

Theorem 3. Let n > m > 1 be positive integers and Uk : N m —> N be bijections for all k = 1,..., n — m. 
Then there is a constant L?, > 1 such that 


m +1 
2m 


^1 j — 1 

for every bounded n-linear form U : cq x • • • x cq —> K. 


<Ll\\U \| 


Remark 4. ^4s a matter of fact, the constants Lfj can be estimated. From the proof of Theorem]]} it is 
simple to see that can be chosen as the best known constants of the Bohnenblust-Hille inequality. So, 
using the estimates o/ [51, we know that 

< fir 2-f 

j =2 '■ 


(3.2) 


(i- iV 

< 2 »-i TT I V2 


< 




3 = 14 

E fc —1 1_ 

3 = 1 3 


for to > 14, 

for 2 < m < 13. 


The above estimates can be rewritten as (see El) 


< TO 0 ' 21139 , 


< 1.3 x to 0 - 36482 , 

The extension of the Bohnenblust-Hille inequality to i v spaces in the place of l oo spaces is divided in two 
cases: m < p < 2to and p > 2 to. The case p > 2to, sometimes called Hardy- Littlewood/Praciano-Pereira 
inequality (see [111 US]) states that there exists a (optimal) constant C* p > 1 such that, for all positive 
integers N and all TO-linear forms T : i p x • • • x £ p —> K, 


N 


(3.3) 


rrtp 

\T{eii, • • ■ ! e *m)l mp+p ~ 

1 — 1 


< 0^ p \\T\\. 


4. Final remark 


When to < p < 2to the Hardy Littlewood inequality is also known as Hardy-Littlewood/Dimant- 
Sevilla-Peris inequality (H3EE3I). It reads as follows: 
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Theorem 4 (Hardy-Littlewood/Dimant-Sevilla-Peris). Form < p < 2m, there is a constant CK, m ,p > 1 
such that 


N 

E 


I T(e 


1 


J| P - 


< Ck, m ,p ||T|| 


for all positive integers N and all m-linear form T : x • • • x —> K. Moreover the exponent ff m is 

optimal. 


In this case we can prove the following (optimal) result, which does not depend on the results developed 
in the previous sections: 


Proposition 1. Let m > n > 1 be positive integers, let m < p < 2m and <Jk '■ N n — > N be bijections for 
all k = 1, Then there is a constant Ck,m,ra,p > 1 such that 

( ^ 

I / y |^'( e * 1 > •••> e i„) e <7i(ii,-■■>*»)> • ■ . J e <Tm_n(u,■■■,*«))! I — II U || 

\ii,...,»„=l J 

for all positive integers N > 1 and all continuous m-linear form U : £ p x • • • X t p — > K. Moreover, the 
exponent p j (p — m) is optimal. 


Proof. For the sake of simplicity we suppose n = 2. The general case is similar. Note that, using Theorem 
[2 we have 


p-m 


/ N 


1 'y ] |J7(ej, e 3 , e cri (j j j),.. 
\»J=i 



< 


E 


I ^; * • * 5 



p 

< Ck,m,p lit/'ll • 


The optimality of the exponent p ^ m is proved next using the same argument of the proof of the theorem 
of Hardy-Littlewood/Dimant-Sevilla-Peris (see p2{ US])- Consider the m-linear form 


[/:fpX--xlp->K 


given by 


U{x 


(i) 


r (m)\ = 


N 

= E x 

j=i 




. 0 ) , 

o-i (M) 


(m) 

V . 

<^m-2 •,! 


From Holder’s inequality we have 

\\U\\ < N £ t s . 


If the theorem is valid for a power s, then 







1-2 (*,*)) 


( N A 

— j y ] \U (e,, ej, Cq-i( jj),..., e < r m _ 2 (i, i j)) | J 

W =1 / 

< Ck,m,p I|f/|| < Ck,m,p^V p 

and thus 

and hence 


p — m 


□ 
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It is important to recall that a somewhat similar inequality due to Zalduendo asserts that 



for all positive integers n and all m-linear forms T : x • • • x 1™ —> IK and the exponent is optimal. 
Note that Zalduendo’s result and Proposition Q] are slightly different. 


5. Appendix: a variation of the Kahane-Salem-Zygmund and applications 


In this section we follow a method of j7] to prove this. Let us denote by ^{x) := exp(x 2 ) — 1 for x > 0. 
Let (H, A, P) be a probability measure space and let us consider the Orlicz space L^ 2 = L^ 2 (fl,A,P) 
associated to tf 2 formed by all real-valued random variables X on (f2, A, P) such that E (ip 2 {\X\/c)) < 00 
for some c > 0. The associated Orlicz norm || • ||^ 2 is given by 

||-X1U 2 := inf{c > 0 ; E (if 2 (\X\/c)) < 1}, 

and (Lfa, || • ||^ 2 ) is a Banach space. We shall use the following lemma, which was suggested to us by F. 
Bay art. 

Lemma 1. Let M be a metric space and let (X(oj,x)) a family of random variables defined on (12, A, P) 
and indexed by M. Assume that there exists A > 0 and a finite set F C M such that 

i. For any x £ M, || X(-, x)\\^ 2 < A; 

ii. For any x £ M, there exists y £ F such that 

sup | X(w,x) - X(w,y) | < - sup \X(u,z)\. 

uieCl * Z £M 

Then for any R > 0 with there exists oj £ SI satisfying 

sup \X(u, x)| < 2 R. 

l€M 

Proof. This is exactly what is done in [7], Step 2 and Step 3 of the proof of Theorem 3.1, in an abstract 
context. For the sake of completeness, we give the details. Given x £ M, condition (ii) provides us y £ F 
such that 

sup \X(uj,x) - X(u,y)\ < - sup \X(w,z)\. 

From 

\X(u,x)\ < \X(w,x) - X(u,y)\ + \X(uj,y)\ < i sup \X(u,z)\ + sup \X(uj,w)\ 

* z£M wClF 

we get that, for any ui £ 12, 


(5.1) 


sup |AT(cd, re)| < 2 sup |X(w,u))|. 

xGM w£F 


Let us fix R > 0. As in the Step (3) of 0 Theorem 3.1] we have 

P({w€l2; \X(w,x)\ >R}) = pQwefi;^ (^^1) > fa (| 
The Markov inequality leads us to 


P ({w £ LI ; \X(co, x)| > I?}) < 


E(fa(\X(u,x)\/A)) 


MR/A) 

Condition (?) provides ||X(-, x)\\^ 2 < A, thus the definition of ||-\\^ 2 assures that E (i/j 2 (| X(uj,x)\/A)) < 1. 
Consequently, we get that for any u> £ 12, 

P({w £ 12; \X(co,x)\ > R}) < 


Since F C M is finite, 


MR/A)' 
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Combining this with m we get 


oj G Cl; sup | X(u), x)| > 2R > ) < 


j£M 


card F 

MR/A)' 


cardf F ) 

Thus, if we take R > 0 such that ,' „ , < 1, then 

MR/A) 


uj G Cl ; sup \X(uj,x)\ < 2 R f ) > 0. 

iEM 


Therefore, there exists u> G Cl satisfying 


sup | X(u>, x)| < 2 R. 


□ 


The previous approach can be applied in the following situation: let IV > 1 and let (£;)ie{i....,iv} fc be 
a sequence of independent Bernoulli variables defined on the same probability space (Cl, A, P). Let M be 
the unit ball of )” (endowed with the sup norm). For x = (izd 1 ), ..., ad”)) in M we define for positive 
integers n\ + ■ ■ ■ + rik = n and ji = m H-+ rq, l = 1,..., k 


X(w,x)= ^2 £ M)- 


d 1 )... ^.(ji)„(ii+ 1 )... Ah)... Ah- i+i)... x (jk) 


i£{l,...,N} k 

For a fixed value of x, the L 2 -norm of this random process can be majorized, using the Khinchin inequality: 

1/2 


||*(-,z)|| 2 = IJ \X(w,x)\ 2 dP 


/ 

E • 

O'l) O’lH-l) 
x ii 

. M) . 

tik- 1+1) 
x ik 

•4f’ 

2 'l 

d¥ 

n 

ie{l,...,A f } fe 





/ 


1/2 


1/2 


< 


E 

N 


A 1 ) „Ch)„0'i+i) Ah) (ifc-i+ 1 ) Ah) 

x ii -+i x i 2 +2 x ik 


< N k t 2 . 

Since the ^-norm of a Rademacher process is dominated by its Id-norm, we get 

\\X(;x)M<CN k / 2 := A 

for some absolute constant C > 0. 

Now, let 5 > 0. For a fixed value of w, for any x,y in M with \\x — y\\ <5, the multilinearity of X(ui, •) 
ensures that 


< 


We set again 5 = ^ and so 


| X(lo, x) — X(co, y )| < n6 sup | X(w, z)\. 

z€M 


I X(u,x) - x(uj,y) I < - sup |X(w, 2 )|. 

Z z£M 


Repeating the previous argument and we observe that there exists a 5-net F of M with cardinal less than 
(1 + f) 2nAr = (1+4 n) 2nN (the product nN is the dimension of (O”)- Setting R = A N^ k+1 ^ 2 for some 
large A (not depending on N but eventually depending on n), we obtain 


card(F) (1 + 4 n) 


2nN 


(1 + An) 


2nN 


mr / a ) e( -gtr ) i _ 1 e (+)_j 


< 1 
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and from the lemma there exists ujq G Q such that, for any x G M, 

|X(wo, a;)| < 2R = 2\N t s 1 , 

i-e., 

\\X(u 0 ,-)\\ <2XN^. 

Now consider an n-linear operator U : cq x • • • x cq —> IK and if 

£ <C||i/|l 

for all and all positive integers N, where (e^ 1 ,..., e"* ) means (eq, ni . t ™ es , e^,..., , " t . t . 1 ? es , e**), we 

have 

E 

<C\\X(lo 0 ,x)\\ 

tc +1 

< 2CXN~. 

Making N —> oo we conclude that r > 2k/{k + 1). This result provides the optimality, for instance, of 
pj, Corollary 2.5]. We also recall that the case k = n recovers the classical Kahane-Salem-Zygmund- 
Inequality. 




„( 1 ) 


) (j'i+1) 


„0'a) 


„(ifc-i+i) 


Aik) 
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